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Graphene hosts an ultra-clean electronic system with electron-electron collisions being the dom-
inant source of scattering above liquid nitrogen temperatures. In this regime, the motion of the
electron fluid resembles the flow of classical liquids and gases with high viscosity. Here we show that
such a viscous electron flow can cause the generation of a spin current perpendicular to the direction
of flow. Combining the Navier-Stokes equations and the spin diffusion equation in the presence of
the spin-vorticity coupling, we derive an expression for the spin accumulation emerging purely as
a result of the viscous electron flow. We explore Poiseuille flow and Jeffery-Hamel flow and show
that the spin Hall angle may exceed 0.1 over a wide range of temperatures and can be controlled by
carrier density, temperature, and the geometry of sample boundaries. Our theory points to a new
functionality of graphene as a spin current source.
Introduction.— Generation, electric control and de-
tection of spin currents are the key tasks in the field of
spintronics[1, 2]. In magnetic materials, spin current gen-
eration can be achieved in a variety of ways: spin accu-
mulation at the interface between ferromagnetic and non-
magnetic materials[3], magnetization dynamics in a ferro-
magnet excited by a microwave irradiation[4, 5], thermal
gradients[6–8], and phonon dynamics in a ferromagnet[9–
11]. In a non-magnetic material, the spin current can be
generated by the spin Hall effect[12–14], if the material
is characterized by substantial spin-orbit coupling.
Recently, an alternative method for generating spin
currents that exploits the coupling between spin and vor-
ticity was proposed[15] and experimentally demostrated
in conducting fluids[16], elastic metals[17], and a gradi-
ent material[18]. The spin-vorticity coupling is responsi-
ble for angular momentum conversion between electron
spin and mechanical angular momentum of the rotating
media. This coupling does not rely on the the mag-
netic moments and spin-orbit coupling and originates
from the spin connection in generally covariant Dirac
equation based on local Poincare´ invariance, leading to
the local angular momentum conservation law of the
system[19]. The angular momentum conversion via spin-
vorticity coupling expands the choice of materials for spin
current generation such as liquid metals[16] as well as ma-
terials with a weak spin-orbit coupling like Cu[17, 18].
Graphene, a two-dimensional sheet of carbon atoms,
has recently emerged as an exceptional platform for
spintronics[20]. Thanks to weak spin-orbit coupling and
vanishing hyperfine interaction, graphene devices have
demonstrated ultra-long spin lifetimes reaching tens of
nanoseconds[21, 22] and together with recent advances
in assembling van der Waals heterostructures enabled
the development of spin field-effect switches[23]. De-
FIG. 1. Spin hydrodynamic generation due to parallel flow
in graphene. By applying electric voltage along the x-axis,
the vorticity gradient is created along the y-axis due to the
viscous flow of electron fluid. Spin current is generated along
the vorticity gradient via the spin-vorticity coupling. As a
result, spins accumulate at the graphene edges.
spite concerted efforts, the variety of methods to generate
spin-polarized currents in graphene is rather scarce and
is usually achieved by two methods: direct spin injection
from ferromagnetic contacts or by the spin Hall effect[20].
While the former requires the deposition of air-sensitive
materials[24], such as cobalt, the latter implies modifi-
cation of the graphene lattice by point defects aimed to
induce finite spin-orbit coupling (e.g. [25]), which in turn,
leads to a reduction of the spin diffusion length. There-
fore, the search of alternative mechanisms of spin current
generation in graphene remain of high importance.
Simultaneously with the advances in graphene
spintronics, a seemingly unrelated topic—electron
2hydrodynamics—emerged[26–28]. Electron hydrody-
namics addresses the behaviour of charged electron flu-
ids, in which electron-electron collisions are the domi-
nant scattering source, rendering local thermodynamic
equilibrium and ensuring that the behaviour of such
systems can be conveniently described by the laws of
classical fluid mechanics[29]. Thanks to weak electron-
phonon coupling, ultra-clean graphene devices offer an
exceptional venue to witness hydrodynamic flow of
electron fluid[30]. A host of new phenomena such
as negative local resistance[28, 31–33], superballistic
conduction[35, 36], violation of the Wiedeman-Franz
law[26], quantum-critical conductivity[37] and anoma-
lous viscous magnetotransport[38] have been predicted
and unveiled in graphene making electron hydrodynam-
ics a novel paradigm of electron transport in solid state
devices.
In this work, we bridge these two seemingly-distant
fields: spintronics and electron hydrodynamics and show
that such a merge offers an alternative way for the spin
current generation in graphene devices. By combing
the Navier-Stokes equations of electron hydrodnamics in
graphene and the spin diffusion equation in the pres-
ence of the spin-vorticity coupling, we obtain the spin
accumulation and spin current in graphene in the case of
Poiseuille flow and Jeffery-Hamel flow. Our results reveal
a new functionality of ultra-clean graphene as a platform
for non-magnetic spintronics.
Stokes equation and spin diffusion equation in
graphene.— As discussed in [31, 33, 39], at elevated
temperatures, electron transport in doped graphene can
be described by the hydrodynamic equations:
∇J(r) = 0, −ne
m
∇Φ + ν∇2v = 0. (1)
Here J(r) and Φ(r) are the linearised particle current
density and the electric potential in the 2D graphene
plane respectively, e and m are the electron charge
and the effective mass and ν is the kinematic viscos-
ity of graphene’s electron fluid. Note, the only pseudo-
relativistic correction that remains in Eq. (1) is m =
kF/vF expressed through the Fermi wave number kF and
the Fermi velocity vF [33]. Equation (1) states the bal-
ance of viscous friction and electric force eE = −e∇Φ
and resembles the familiar Stokes equation for classical
fluids.
The spin-diffusion equation in the presence of a viscous
flow is derived by using the quantum kinetic theory in
Ref. [40] as
(∂t −Ds∇2 + τ˜−1sf )δµS = −~τ˜−1sf ζω, (2)
where δµS is the spin accumulation, Ds is the diffusion
constant, τ˜sf is the spin relaxation time, and ζ is the
renormalization factor of the spin-vorticity coupling [40].
The spin-vorticity coupling arises in the Dirac Hamil-
tonian in the local rest frame of the fluid without the
non-relativistic limit [40]. We note that the spin-orbit
coupling is derived from the non-relativistic limit. As a
result, the magnitude of the bare spin-vorticity coupling
is the order of O(1) whereas the bare spin-orbit coupling
is O(1/c2) with the speed of light c. In addition, the
spin-vorticity coupling is enhanced by band structure ef-
fects as the spin-orbit coupling [41]. This implies that
the spin dynamics driven by the spin-vorticity coupling
is potentially larger than that driven by the spin-orbit
coupling [42]. Previously, in order to probe spin-vorticity
coupling, the vorticity fields were created by mechanical
excitation of the fluid motion [16] or by elastic deforma-
tions [17] under the assumption that electrons adiabat-
ically follow the motion or deformations. Recently, the
spin current generation due to the transfer of angular
momentum from the vorticity of electron flow in surface-
oxidized Cu is experimentally demonstrated[18]. In con-
trast, in doped graphene, the vorticity field emerges nat-
urally as a result of viscous electron flow [31, 33]. In the
case of both the surface-oxidized Cu and the graphene
in the presence of the viscous electron flow, the diffusive
transport of spins is affected by the vorticity field of the
non-uniform electron flow. In this situation, the non-
uniform vorticity field couples to the conduction electron
spins to assure the local angular momentum conservation
law, originating from the local rotational symmetry[19].
Therefore, we should include the spin-vorticity coupling
into the spin diffusion equation as discussed in previous
studies[18, 40].
Here, we focus on hydrodynamics of the electron fluid
in graphene in the continuum limit. Gauge fields in
graphene in the continuum model has been studied in
Ref. [34] which also discusses spin connection. The fla-
vors, i.e. the valley and pseudo spin degrees of freedom,
in graphene are included in the Dirac Hamiltonian [34].
In this paper, the real spin is also considered.
Renormalization factor for doped graphene.— The
renormalization factor of the spin-vorticity coupling in
Eq. (3) is given by [40]
ζ =
∫
d2kωk(r, t)τ˜sf(k)
−1∂kf
0
k
ω(r, t)τ˜sf(kF)−1
∫
d2k∂kf0k
, (3)
which is obtained from the linear response of conduction
electron spins to the fluid vorticity [16]. An advantage of
the electron fluid in graphene is that the renormalization
factor can be calculated from microscopic descriptions.
For doped graphene, since the group velocity of a quasi-
particle with energy ǫk = ~vF · k is the Fermi velocity
vF, the contribution of the fluid velocity by each quasi-
particle is vFfk(r, t) where fk(r, t) is the quasiparticle
distribution function. The vorticity ω(r, t) is obtained
by summing up contributions from each of the quasi-
particles in a Brillouin zone: ω(r, t) =
∑
k
ωk(r, t) =
1
4k2
F
∫
d2kωk(r, t) =
1
4k2
F
∫
d2k(∇ × vFδfk(r, t)), where
δfk(r, t) ≡ fk(r, t)− f0k is the deviation of the distribu-
3tion from the Fermi distribution f0k by an external elec-
tric potential Φ. Thus, the vorticity is created by the
quasiparticles excited by the electric potential.
Next, we assume that the spin-flip relaxation time
τ˜sf(k) is isotropic for all direction of k and less sensitive
to the wave number around the Fermi wave number kF.
When a small electric potential is applied, that is, quasi-
particles are excited in the vicinity of the Fermi level, the
renormalization factor in (3) is independent of the spin-
flip relaxation time: ζ =
4k2
F∫
d2k∂kf0k
∫
d2kωk(r,t)∂kf
0
k∫
d2kωk(r,t)
.For
a small electric potential |Φ| ≪ kBT , the derivative
of the Fermi distribution in the numerator can be ap-
proximate to the value at the Fermi wave number:∫
d2kωk(r, t)∂kf
0
k ≈
(
∂kf
0
k
)
k=kF
∫
d2kωk(r, t). There-
fore, the renormalization factor reads
ζ =
1
2π
TF
T
, (4)
where TF = ~vFkF/kB is the Fermi temperature.
In the following, the spin hydrodynamic generation in
graphene will be shown by combining Eqs. (1) and (2).
Spin Hall angle for Poiseuille flow.— Firstly, we
consider spin hydrodynamic generation for the two-
dimensional Poiseuille flow in graphene. Spin diffusion
equation in non-equilibirum steady state is given by[40](
∇2 − λ−2
)
δµs = ~λ
−2ζω, (5)
where λ =
√
Dsτ˜sf is the spin diffusion length. The
parallel flow between the graphene edges, y = ±y0, in-
duces the velocity filed v = (v0(1−y2/y02), 0), and then,
the vorticity field becomes ω = ∇ × v = 2v0y/y02. In
this case, the z-polarized spin current density reads[40]
jzs,y(y) = − ~
2
4e2 σ0ζ
ρ
ηE
[
1 − cosh(y/λ)cosh(y0/λ)
]
. Here we use
the relation v0/y
2
0 = −ρE/2η. Total spin current
for a strip with length L and width 2y0 is given by
Jzs,y = −~
2
2eσ0ζ
ρ
ηEL
[
y0 − λ tanh y0λ
]
. The spin Hall an-
gle is defined by θSH = (2e/~)J
z
s,y/Jc,x where the to-
tal charge current along the flow direction is given by
Jc,x = −L
∫ y0
−y0
dyρvx(y) = − 43ρv0Ly0. Thus, the spin
Hall angle reads
θSH =
~ζ
2m∗ν
[
1− λ
y0
tanh
y0
λ
]
, (6)
where m∗ is the effective (cyclotron) electron mass and
ν ≡ η/(nm∗) is the kinematic viscosity with the electron
density n. Here, we use the relation of mobility, µ =
−v¯x/E = −σ0/(ne), with the averaged velocity of the
electron fluid, v¯x = (2/3)v0.
The kinematic viscosity relates to the Fermi velocity
vF and the electron collision mean free path lee as ν =
vFlee/4 [43]. For doped graphene in the Fermi liquid
regime, the electron-electron collision mean free path is
given by l−1ee =
pikF
N
(
T
TF
)2
ln
(
2TF
T
)
, where N = 4 is the
number of fermion flavors in graphene [44]. For y0 ≫ λ,
the temperature dependence of the spin Hall angle,
θSH =
2ζ
kFlee
=
1
4
(
T
TF
)
ln
(
2TF
T
)
, (7)
is shown in Fig. 2. Note that the spin Hall angle is de-
termined only by the normalized temperature T/TF and
is parameter free.
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FIG. 2. Temperature dependence of the spin Hall angle for
y0 ≫ λ.
Spin current in Jeffery-Hamel flow.— Let us consider
an analytical solution of the Navier-Stokes equation for a
radial steady flow, known as the Jefferey-Hamel flow[45–
47]. The Jeffery-Hamel flow is the steady flow between
two plane walls meeting at angle α (Fig. 3), and flows
in/out from the line of intersection of the planes. We
FIG. 3. Schematics of the Jeffery-Hamel flow. (a) Setup. (b)
Convergent symmetrical flow is obtained for any Reynolds
number. (c) Divergent symmetrical flow is obtained for small
Reynolds number.
take polar coordinates (r, φ) and assume the flow to be
radial: vr = v(r, φ), vφ = 0. Equation (1) leads to
v
∂v
∂r
= −1
ρ˜
∂p
∂r
+ ν
(∂2v
∂r2
+
1
r2
∂2v
∂φ2
+
1
r
∂v
∂r
− v
r2
)
, (8)
− 1
ρ˜r
∂p
∂φ
+
2ν
r2
∂v
∂φ
= 0,
∂(rv)
∂r
= 0. (9)
Thus, we obtain the analytical solution: v(r, φ) =
6νu(φ)/r, and the vorticity becomes ω = − 1r ∂v(r,φ)∂θ =
− 6νr2 du(φ)dφ . We introduce the mass Q of fluid that passes
in unit time through any cross-section r =constant:
Q = ρ
∫ α/2
−α/2
dφ rv = 6νρ
∫ α/2
−α/2
dφu(φ). The dimension-
less parameter |Q|/νρ plays a kind of the Reynolds num-
ber in this flow.
In Fig. 3, the radial velocity is shown. In the case
40
0
0.0002
0.0004
0.0006
0.0008
0.001
pi/4−pi/4 −pi/8 pi/8
φ
u
(φ
)
FIG. 4. φ dependence of u(φ) in radial velocity v(r, φ) for
the Jeffery-Hamel flow. The transverse axis means φ from
−pi/4 to pi/4 and the longitudinal axis means u(φ). Here, we
assume Re= 10−3.
of Q < 0, we have convergent symmetrical flow for any
Reynolds number. In contrast, when Q > 0, we obtain
divergent symmetrical flow only for small Reynolds num-
ber, namely, the flow becomes unstable and turbulent for
a certain Reynolds number.
Let us recall the spin diffusion eq. (5). For simplicity,
we assume λ is much smaller than the system size. In this
case, Eq. (5) is easily solved as δµs(r, φ) ≈ −~ζω(r, φ),
and then, we obtain the spin current
Js,r = −~σ0
4e2
∂
∂r
δµs, Js,φ = −~σ0
4e2
1
r
∂
∂φ
δµs. (10)
In a realistic situation, where the spin diffusion length is
comparable to the system size, the spin diffusion equation
has to be solved numerically. Nevertheless, an analytical
solution exists for certain angles α and can be obtained
by the method of images. For α = π/2 the solution of
the spin diffusion equation is given by
δµS(r, φ)=
6ζ~ν
λ2
∫ r0
0
dr˜
r˜
∫ α/2
−α/2
dφ˜G(r, φ; r˜, φ˜)
du(φ˜)
dφ
,(11)
where r0 is the length of the system and G(r, φ; r˜, φ˜)
is the Green’s function for the spin diffusion equa-
tion given by G(r, φ; r˜, φ˜) = 12pi
∑2
n=1[K0(Rn/λ) +
K0(R¯n/λ)] with K0(z) being the modified Bessel
function of the second kind and Rn and R¯n be-
ing Rn =
√
r2 − 2rr˜ cos(φ− nπ + φ˜) + r˜2 and R¯n =√
r2 + 2rr˜ cos(φ− nπ − φ˜) + r˜2, respectively. Here, the
Neumann boundary condition is used.
The spin accumulation caused by the Jeffery-Hamel
flow is shown in Fig. 5. Here, we show the numerical
result of Eq. (11) normalized the factor 6ζ~ν/λ2 for two
dimensional space. The function u(φ) in the radial veloc-
ity is shown in Fig. 4. Figure 5 shows that the positive
tangential component of the spin current Js,φ, defined
in Eq. (10) flows while the radial component of the spin
current Js.r, defined in Eq. (10) is relatively small since
the system size r0 is comparable to the spin relaxation
length λ.
FIG. 5. Numerical solutions of the spin diffusion equation for
the Jeffery-Hamel flow for (a) Re= 10−3 and (b) Re= 100.
Color plot of the spin accumulation δµs as the function of
φ and r in the case of α = pi/2. The data are normalized
by the factor δµSHDS := 6ζ~ν/λ
2, estimated as 0.1 meV. The
blue and red regions describe the negative and positive spin
accumulation, respectively.
Discussion and conclusion.— Let us first compare
the efficiency of the charge-to-spin conversion in graphene
emerging as a result of the spin-vorticity coupling with
that stemming from the spin-orbit coupling. Fig. 2 shows
that the spin Hall angle θSH exceeds 0.1 over a wide range
of temperatures, a value that is comparable to that found
in CVD graphene due to the scattering from residual cop-
per adatom clusters [48], and significantly larger than
that reported in Ref. [49], where the spin Hall angle
due to induced spin-orbit coupling at room temperature
is estimated to be 6.1 × 10−7, and Next, in graphene
ν = 0.1 m2/s [28] and λ = 2 µm [24] at T = 0.2TF, and
therefore the factor 6ζ~ν/λ2 in the Jeffery-Hamel flow is
of the order of 0.1 meV (or 0.83 T). The maximum value
in Fig. 5 is of the order of 2.6×10−4 , so that the spin ac-
cumulation reaches 3×10−2 µeV (or 1 Oe) at the sample
boundaries. This value is comparable to that observed
in the spin Peltier effect [50] and is within the sensitivity
of the modern magnetometry techniques.
The spin accumulation, in the case of Jeffery-Hamel
flow, can be conveniently controlled by the set of the fol-
lowing parameters. First of all, depending on the sign
of Q, the flow can be either convergent or divergent. In
the latter case, the flow may become unstable for high
values of the Reynolds number which may cause the on-
set of turbulence [51] in the electron fluid and a peculiar
distribution of spin accumulation which we plot in Fig.
5. Furthermore, by changing charge carrier density and
temperature, the viscosity of the electron fluid can be
varied, which will directly affect the absolute value of
the spin accumulation. Last but not least, an angle be-
tween the sample edges is another parameter which is
responsible for the magnitude of the spin accumulation.
In particular, α → π corresponds to the geometry stud-
ied in Ref. [28] and therefore our results indicate the
possibility to observe the hydrodynamic spin Hall effect
5in conventional graphene Hall bars.
In conclusion, we studied the generation of spin cur-
rent as a result of viscous hydrodynamic flow of electrons
in graphene. By combining the Navier-Stoke equations
and the spin diffusion equation in the presence of spin-
vorticity coupling, spin current generation has been pre-
dicted to emerge in the case of parallel laminar flow and
Jeffery-Hamel flow. In the parallel flow case, we defined
the spin Hall angle and estimated it to exceed 0.1 over
the wide range of temperatures, a value close to that for
materials with large spin-orbit coupling. In the Jeffery-
Hamel flow configuration, we studied the dependence of
spin current generation and spin accumulation on various
parameters such as carrier density and sample geometry.
We also provided quantitative estimates for the spin Hall
angle and spin accumulation and found that the obtained
values are within the sensitivity of some experimental
techniques such as scanning NV-magnetrometry [52] and
therefore can be probed directly. Another possible ex-
perimental demonstration is the two-dimensional sensing
technique[53]. D. Mayers et al. proposed a scanning pho-
tovoltage microscopy technique[53], which enables the
spatial mapping of electron flow in spintronic devices.
By applying theses techniques, we may measure the con-
version from spin current to hydrodynamic electron flow.
Our result reveals a new functionality of graphene as a
promising spin current source.
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